We describe the category of equivariant vector bundles on a smooth (partial) group completion of an adjoint simple algebraic group. As a corollary of our description, we prove that every equivariant vector bundle of rank less than or equal to rkG on the canonical (wonderful) completion splits into a direct sum of line bundles.
Introduction
In [10] , A. A. Klyachko described equivariant vector bundles over a toric variety with respect to the torus action. He established the equivalence of the category of equivariant bundles to a category of pairs (V, {F η }) consisting of a vector space V and a certain family {F η } of filtrations. We present here an analogous result for a smooth completion X of an adjoint semisimple group G over the wonderful completion (These varieties are introduced in De Concini and Procesi [6, 7] , and Uzawa [16] ). We replace vector spaces by representations and require some extra conditions on filtrations.
The extension problem of an equivariant vector bundle on a symmetric space to its completion is known as Kostant's problem. We present here an answer to his question in G ∼ = (G × G) /△G case. Unfortunately, our description relies much on the special structure of group completions. However, we may draw a general picture by reformulating our result with B-orbits whose closure is not the closure of a G-orbit and which does not contain a specified closed orbit as in Knop [11] Theorem 2.1. Brion [4] realized the wonderful completion as an irreducible component of a certain Hilbert scheme. We can obtain an equivariant vector bundles via pushing forward of the (twisted) universal family of these Hilbert schemes. It is interesting to write down the above vector bundles in terms of our description because they seems to form an important class of equivariant bundles on the wonderful completion.
As a bonus of our description, we can show that an equivariant vector bundle of small rank on the wonderful completion of G splits into a direct sum of line bundles. For classical groups, the wonderful completion is obtained by blowing up of some partial flag varieties of an overgroup H ⊃ G. On projective spaces or Grassmanians, we have splitting criteria of vector bundles in terms of the vanishing of intermediate cohomologies (See Horrocks [9] , Ottaviani [14] , or Arrondo and Graña [1] ). If we have an analogous result of [10] 1.2.1 (H 1 (End) = 0 ⇒ equivariant), we may find a criterion of splitting of vector bundles using our result. There are plenty of vector bundles with H 1 (End) = 0, but we have H 1 (End) = 0 for a direct sum of line bundles on wonderful completions. However, there exists a line bundle with non-vanishing intermediate cohomology in this case. Hence, a naive reformulation of the splitting criterion of a vector bundle in terms of cohomology vanishing has a counter-example in this case.
Klyachko himself already mentioned a bit on the possibility of this kind of generalizations [10] Remark 6.2.5, but the author does not know any explicit formulation or result.
The strategy of our proof is as follows. First, we prove some special properties of the identity fiber V of an equivariant bundle. Second, we rewrite Klyachko's argument to apply similar argument in non-affine open subsets. Finally, we bounds an equivariant bundle by using special bundles V ⊗ O X and V max (with line bundle twist).
Statement of the Results
Let G be an adjoint semisimple group of rank r over an algebraically closed field k of characteristic zero. Let G sc be its simply connected cover. Let B be a Borel subgroup of G. Let T be a maximal torus of G such that T ⊂ B. Let Q be the root lattice of G sc . Let P be the weight lattice of G sc . Let P + be the set of dominant weights. Let △ ⊂ Q be the set of roots of G. Let △ + ⊂ △ be the set of positive roots of G with respect to B. Let W = N G (T ) /Z G (T ) be the Weyl group of G. Let l : W → Z ≥0 be the length function of W defined by △ + . Let w 0 ∈ W be the longest element of W . Let V λ be an irreducible rational representation of G sc with highest weight λ.
Note that the dominant Weyl chamber of X * (T ) = Hom (G m , T ) and its boundaries form a fan Σ 0 in the sense of Oda [13] . Hence Σ 0 defines a (non-complete) torus embedding of T . Let Σ be a subfan of a simplicial subdivision Σ + of Σ 0 . We assume that Σ + corresponds to a smooth toric variety of T (i.e. each cone of Σ + is generated by part of a basis of the X * (T )). Σ (r) be the set of r-dimensional cones of Σ. Let X = X (Σ) be a (partial) completion of G determined by Σ. X is smooth. Let e ∈ G ⊂ X be the point corresponding to the identity element of G. Put g := Lie G. Let Σ 1 be the set of primitive vector of one-dimensional faces of Σ.
By abuse of notation, we may also represent the corresponding G × G-orbit closure by the same letter H η .
We choose η ∨ ∈ P such that η ∨ , η = 1. We denote the Lie algebra of Im η by imη.
We introduce our main object, the category C (Σ). The most remarkable property of C (Σ) is the η-admissibility condition.
is an increasing filtration of V as a vector space such that
2. F (n) = V and F (−n) = {0} for n >> 0.
An η-standard filtration F (•) is called an η-admissible filtration if the following condition holds.
• For every n, m ∈ Z, we have U u
is an η-admissible filtration (resp. η-standard filtration).
3. For each σ ∈ Σ, a family of subspaces {F η (n)} η∈σ 1 ,n∈Z of V form a distributive lattice.
Its morphism
Remark 2.4. Let V be a finite dimensional vector space. A family of subspaces {U λ } λ∈Λ form a distributive lattice if, and only if, there exists a family of one dimensional sub-
of V such that
We will call a G sc ×G sc -equivariant vector bundle on X (Σ) by simply an equivariant bundle on X (Σ). We denote the category of equivariant bundles on X (Σ) by EV (Σ).
Here is our main theorem.
Theorem 1.
There is an equivalence of categories Ξ :
Corollary 2.5. Assume that G is simple. Let X = X (Σ) = X 0 be the wonderful completion in the sense of De Concini and Procesi. Every equivariant bundle on X of rank less than or equals to r = rkG splits into a direct sum of line bundles.
Before proving Theorem 1, we present an example of Theorem 1. It represents some feather of the η-admissibility condition. Example 2.6. Assume G = P SL 2 . Let M 2 be the set of 2 × 2 matrices with kvalued entries. X = X 0 = P (M 2 ) is the wonderful completion of P SL 2 . Then, the boundary divisor D is unique. Let α be the unique simple root in △ + . Let ω be the fundamental coweight of P SL 2 . Let V be a representation of SL 2 . Let ch V be its formal character. Let E ∈ EV (Σ). We write Ξ (E) = (V (E) , F ω (E, •)). We have
Let T sc be a maximal torus of SL 2 . Let V 1 , V 2 be T sc -modules. We write chV 1 ≤ chV 2 if, and only if, we have a
and, T X (− log D) form a complete collection of equivariant bundles with g = V (E) up to line bundle twist.
Proof of Theorem 1
Since X is a G× G-equivariant completion of G, the right Z (G sc )-action on X is trivial. Let Z (G sc )
∨ be the character group of Z (G sc ). Let E ∈ EV (Σ). Z (G sc ) acts on each fiber of E. For each χ ∈ Z (G sc ) ∨ , we put E χ ⊂ E the isotypical component with respect to χ defined fiberwise. Since we are working over an algebraically closed field k, we have the following direct sum decomposition
We also put
f χ , and C (Σ) χ are full subcategories of EV (Σ), C (Σ) f , and C (Σ) respectively.
Proof. Let E, F ∈ EV (Σ). Since an equivariant morphism is a Z (G sc )-morphism at each fiber, we have a direct sum decomposition
Together with the isotypical decomposition of an element of EV (Σ), we have an isotypical decomposition of categories.
We have an analogous
In contrast to the line bundle case described in GIT [12] , there are many choices of equivariant structure of a fixed vector bundle. Lemma 3.3. Let F be a vector bundle on X. If we fix a (G sc × G sc , Γ (G, O G ))-module structure on Γ (G, F| G ), the compatible equivariant sheaf structure on F is unique if it exists.
Proof. Let {φ g : F ∼ = g * F } g∈Gsc×Gsc and {ψ g :
. This is impossible since F is a locally free O X -module.
We denote {0} the fan consisting of a unique cone spanned by origin.
Lemma 3.4. We have an equivalence of categories Ind :
Proof. We have X ({0}) = G. In particular, X ({0}) is a homogeneous space under
Thus, the desired equivalence is standard (cf. Chriss and Ginzburg [5] 5.2.16).
Let V be a nontrivial G sc -module. V ⊗ k E admits at least three G sc ×G sc -equivariant structure. One is the same as E ⊕dimV . The others are obtained by twisting left (or right) G sc -action with V . Let V ⊗ E (resp. E ⊗ V ) denote the resulting equivariant bundles. For each λ ∈ P , we denote its image under the map
Lemma 3.5. Under the same setting as in Lemma 3.4, we have Ind (
. Also see Brion [3] ). Assume that X is complete. Let ι σ : O σ ֒→ X be the inclusion of the closed orbit corresponding to σ ∈ Σ (r).
We have the following.
The restriction morphism
We have the following exact sequence.
The image of κ determines the right Z (G sc )-module structure.
Remark 3.6. Although the formulation of the above Theorem is different from Bifet [2] , it is essentially same as Bifet's result. The description of Brion [3] Proposition 2.2 and 3.2 is based on B × B opp -orbits.
We may call an element of
We call an equivariant divisor D 1 sufficiently large if, and only if, d
Remark 3.7. For each λ ∈ P , we put
By Steinberg [15] , every line bundle on X admits an equivariant bundle structure. Tensoring a line bundle L ∈ κ −1 (χ), we have L⊗ :
In the below, V 1 ⊠ V 2 means the external tensor product of two G sc -modules
id×Gsc denote the space of fixed vectors of V by id × G sc .
This is impossible since V ⊗ O X is locally free. By Lemma 3.3 and Lemma 3.5, φ must be an equivariant morphism.
For sufficiently large equivariant divisor H, every equivariant morphism
We define a functor Ξ : EV (Σ) 1 → C (Σ) 1 . Ξ turns out to give an equivalence of categories. Let σ ∈ Σ such that η ∈ σ 1 . We set
for all m ∈ Z. We may also use k m as a suitable restriction of k m to some subgroup of T × T . Note that k m does not depend on the choice of η
We have E ⊂ V ⊗ O X (H) for sufficiently large equivariant divisor H. Sum or intersection of equivariant subsheaves of V ⊗O X (H) is again an equivariant sheaf. Consider a quotient map
We will prove Ξ (EV (Σ) 1 ) ⊂ C (Σ) 1 . First, we prove that Ξ defines a functor Ξ :
Remark 3.10. Note that the right action of g ∈ G on x ∈ G ⊂ X is written as x → xg −1 . This means that the right B opp -action acts as a Borel subgroup corresponding to the set of negative roots with respect to T −1 ∼ = T .
Let T (Σ) be the closure of T.e in X = X (Σ). E| T (Σ) is a vector bundle.
Theorem 3 (De Concini and Procesi [7] 5.1 and Uzawa [16] ). T (Σ) is a toric variety associated to the fanΣ := w∈W wΣ.
We examine some of the properties of the assignment Ξ.
Lemma 3.11. As a vector space filtration, our family of filtrations {F η (•, E)} η∈Σ 1 coincides with a subfamily of Klyachko's filtration associated to the right T -equivariant bundle E| T (Σ) for Σ ⊂Σ.
By taking fiber at x η , the resulting skyscraper sheaf admits an action of the stabilizer at x η . In particular,
Proof. We have a natural morphism Γ (G,
Let H be a sufficiently large divisor. By Lemma 3.8 and Corollary 3.9, we have an
Specialize the situation to x η . Applying the same argument as in the proof of Lemma 3.14, we obtain the result.
Summarizing the above, the assignment Ξ turns out to be a functor Ξ :
We can assume F η (N ) = V and F η (−N ) = {0} for all η ∈ Σ 1 and some N >> 0. Put
We have the following exact sequence of O Xmodules. as an Im η × Im η-module. Every root of g ⊕ g is of form (α, 0) or (0, α). We cannot Let W be a P η -module. Let W ⊂ V be a P η -module inclusion. Let V η (W ) be the equivariant subbundle of V ⊗ O Yη determined by
Lemma 3.17. The LHS of (2) has an O X -submodule structure induced from V ⊗ Q N .
Proof. It is an O Hη -module inclusion. Let U ⊂ X be an open subset. Let f ∈ Γ (U, O X ) be a local section which has a simple zero along U ∩H η . If it is an O X -module inclusion, multiplying f yields a morphism f : (2) is an O X -module inclusion. Since the images of 1, f, f 2 , . . . , f 2N −1 generates O X,x /O X,x (−2N H η ) as an O Hη ,x -module at x ∈ H η , the above condition is equivalent to our Lemma. In other word, we need
This is equivalent to the condition that F η (•) is an increasing filtration.
Definition and Corollary 3.18. Let F η (•) be an η-standard filtration. Then,
is a vector bundle on X.
Proof. By the proof of Lemma 3.17, the fiber of the resulting sheaf on a point of H η is isomorphic to ⊕ N n=−N +1 gr n F η (as a vector space). Hence it is a vector bundle.
Lemma 3.19. Ξ is injective for objects. Ξ is a faithful functor.
for every point x on the dense orbit of H η . E 1 ∩ E 2 cannot be a proper subsheaf of E 1 since a vector bundle on a normal variety is determined up to codimension two. We have E 1 ∼ = E 2 . This is contradiction and the injectivity follows. When we fix an isomorphism V (E 1 ) ∼ = V (E 2 ), equivariant morphism between E 1 and E 2 is at most one by Lemma 3.3 and Corollary 3.9. Ξ must be faithful.
Proof. The assertion is equivalent to the problem that ρ N (V η (F η )) ⊂ V ⊗ Q N admits an induced left G sc -bundle structure as a vector bundle on H η for any N >> 0, since (1) is an exact sequence of equivariant sheaves. LetH η be the dense
is written as a pullback from Y η , since π η is an equivariant morphism of homogeneous spaces. By an appropriate choice of η ∨ , k m defines a representation of P η × P −η . Thus, it suffices to consider the corresponding problem over [
Therefore, we have the result from Lemma 3.17.
Proof. For each point g ∈ G, we have an embedding ι g : T (Σ) g ֒→ X. By Lemma 3.11 and Klyachko's Theorem [10] 
is a vector bundle on T (Σ) g ⊂ X. T (Σ) G intersects every left G sc -orbit by [7] Proposition 5.1 iv). Since a vector bundle is an O X -module with constant fiber dimension, we obtain the result.
f , we need some special sheaves.
We may call this filtration the maximal filtration of W .
Taking account of the weight decomposition of W and Remark 2.4, we see that
Proof. The assertion for X (Σ) follows from that of X (Σ + ) by restriction. We can assume Σ + = Σ. We compute the filtration
ισ → X has a composition series (of equivariant line bundles) since the category of G sc × G sc -equivariant bundles is equivalent to the category of finite dimensional B × B opp -module. Consider the restriction morphism for each β ∈ Q. opp -modules of weight Ω β := {γ = (δ + β, −w 0 β) | δ ∈ wt (V λ )}. Similarly, we put t Ω β := {γ = (λ + β, δ − w 0 λ − w 0 β) | δ ∈ wt (V λ )}. This is the set of weights which appears in a composition series of
t Ω β ′ appears as the weight of some (equivariant) irreducible constituent of Im r β for each β ′ ≤ 0. We have wt F σ β
Here the condition of the RHS is λ − β ≥ δ and w 0 δ ∈ wt (V λ ) .
By Definition 3.22, an element v ∈ V λ of weight µ is in F 
For every
We first present some results which are needed to prove Proposition 3.24. We deal many tensor products with different bases in the below. For the sake of simplicity, we write ⊗ X := ⊗ OX and ⊗ η := ⊗ OH η .
be an irreducible decomposition as a G sc -module. We have
by Proposition 3.23. Put
. This is a fiber of lim
which is an eigenfunction of T η . Its weight is the image of (η 
Proof. For sufficiently large equivariant divisor H, we have
for every N >> 0 as T η -modules. By taking appropriate inductive subsystem, two inductive systems {V ⊗ k Q N ⊗ η k (x η )} and {Q R N ⊗ η k (x η )} are cofinal to their union. k[t]-action is defined by twisting t, which comes from O X -modules structure. Therefore, we obtain the result.
Since we want to calculate some weight decomposition, we use the Lie algebra action on the fiber instead of the group action. Denote RepG sc the tensor category consisting of finite dimensional representations of G sc . We want to obtain some relation of actions between fibers coming from V ⊗ O X and V max .
We have a direct sum decomposition V λ = ⊕V l λ . By Proposition 3.23, we have
We consider T R (RepG sc ) and T L (RepG sc ) as a category with induced morphisms from RepG sc . (Thus, equivalent to RepG sc as a category.) Let λ, γ ∈ P + . We define the following two term operation ⊗ ′ .
′ yields a tensor structure of the category of vector bundles of the form V max , which
is the same as multiplying t − λ+γ−ǫ,η on V η . Therefore, we can equip T R (RepG sc ) a tensor structure arising from ⊗ ′ . Then, T R defines an equivalence of tensor categories. Now we construct an intertwiner ϑ of
Lemma 3.26. We have category equivalence ϑ :
ϑ gives rise to a tensor functor.
Consider two quotient maps q
Corollary 3.27. We have natural equivalence ϑ :
We consider V η as a right u η + -module by Lemma 3.25. We describe the weights of u η + , which is viewed as the right action with respect to T η . Let α be a Lie T -weight of u η + ⊂ g. We have Q = X * (T ). We have natural surjection
Since the right T -action acts by inverse, the weight corresponding to α is −α. Since P η and P −η are opposite parabolic, the corresponding weight representative is (0, w 0 α). We have (α, 0) = (0, w 0 α) + η, α (η, −w 0 η) mod K.
Proof of Proposition 3.24. First, we prove 1). By Corollary 3.27, ϑ is a natural equivalence of two fiber functors of RepG sc factoring V ⊗ k O X and V max . By construction, the right u ⊗ k l− η,α . Therefore, we have ξF η (n) ⊂ F η (n + η, α ) by computing with the direct sum decomposition (3). We have proved 1). We prove 2). By the above arguments, the η-admissibility condition guarantees that ξ ⊗ t l− η,α -action, which was the right ξ-action written as a left action up to scalar, on lim
is well-defined. Therefore, we have an increasing filtration of p −η -modules by using
By switching left and right, we can apply Lemma 3.20 to obtain the right G sc -action. We have defined the left G sc -action ψ L and the right G sc -action ψ R on Φ ({F η }). Let g, h ∈ G sc . Under the same assumption and arguments as in Lemma 3.3, the right G sc -action is unique. As a result, ψ Therefore, Φ is a functor.
